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the union of Sδ  and S ′δ . If ]}[],[{inf δδ ssG ′  does not exist, then, obviously, the equation has
no solution.

Example 7. Apply the algorithm described above to the equation from Example 4:
{ }>→→→→→=< EsBtPzCyBxsctzeyxp ,,,,,//://: 211 .

First  construct  121 //:]}[],[{inf ecBpssy G =′= δδ ,  then  from  generation

12111 //://: ecBpeyxp ∗  obtain substitution { }2, cyBxs →→=δ , and from generation

121
*

2 //://: ecBpsctz  obtain substitution { }11 ,, esBtpzs →→→=′δ .

The result:
{ }112 ,,,, esBtpzcyBxSS →→→→→=∪ ′δδ .

The  following  Theorem 1 proves the  fact  that  as a result  of algorithm operation
given ]}[],[{inf δδ ssG

′  we obtain the minimal unifier of the equation >′=< δ,ss , hereafter
denoted by ],[ δssU ′= .

Theorem 1.
}},...,{{],[ 11

),(V
...

),1(V1
ll uussD

ssllu

ssu
→→=′=

′∪∈

′∪∈
γγδ

δδγ

δδγ
(48)

Proof. Denote the right-hand side of (48) by , and set },...,{ 11 llss βγβγδδ →→=∪ ′

denote by δ . Assume, that ssD ≠′= ],[ δ . The assumption is only possible when either
{ }∅≠−′= ssD ],[ δ ,  or  { }∅≠′=− ],[ δssD .  The  existence  of  substitution

],[ δssDd ′=∈  which is  not an element  of set   is  equivalent  to the existence of word
][][ dsdsw ′==  which  is  not  generated  from  SF ]}[],[{inf δδ ssy G

′= .  However,  under

Lemma 1 there are no words which belong to the intersection of sets ][dsW  and ][dsW ′ , and

are not generated from SF y. On the other hand, the existence of substitution d∈  which
is not an element  of  ],[ δssD ′=  is  equivalent  to the existence of word  ][][ dsdsw ′==
generated from SF  ]}[],[{inf δδ ssy G

′=  and not belonging  to the intersection  ][dsW  and

][dsW ′  which is  again  impossible  as per Lemma  1.  Therefore  the  assumption  about  the

inequality of sets ],[ δssD ′=  and  is false. 

There is apparent relation between unifier },...,{],[ 11 llssU βγβγδ →→=′=  and the set

of solutions ],[ δssD ′=  of the equation >′=< δ,ss :

}.},..,{&&...&|},...,{{],[ 111111
∗∗∗ ⊂→→=′= VuuuuuussD llll ββγγδ (49)

It  is  noticeable  that  the  key element  of  the  algorithm is  the  construction  of  the
maximal lower bound of the set consisting of two sentential forms of unambiguous acyclic
CF grammar. The corresponding algorithm is presented in the following paragraph.

13

∩
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5. Building the Maximal Lower Bound of the Set of Sentential Forms of
Unambiguous Acyclic CF Grammar

Let us have set { } )(, GSFxx ⊆′ . Practical criteria evaluating existence of },{inf xxG
′

is defined by the following Theorem 2 [11].
Theorem 2. If >=< RAVG ,,, 0α  is unambiguous acyclic CF grammar, while x and

x′  are its sentential forms, then },{inf xxG
′  exists only if },{sup xxy G

′=  does not contain

non-terminal A∈α , such that ( )*,, AVzzzzy ∪∈′′= α , and set R includes two rules βα →

and βα ′→ , such that xzz ∗′β  and yzz ∗′′β .

The essence of this Theorem is illustrated by
Example  8.  Let  us  have  grammar  G from  Example  4  and  sentential  forms

11211 //:,//: ecbPxeCbPx =′= .  One  may  easily  construct

1//:},{sup eCBPxxy G =′= .  This  SF  contains  non-terminal  B  that  results  in

scheme  R including  rules  1bB →  and  2bB → ,  so  that  zBzy ′= ; :Pz =  ;

1// eCz =′ ; so from xzzbxzzb ′′′ ∗∗
21 ,  we know that },{inf xxG

′  does not exist. 

},{inf xxG
′  constructing  logics  is  defined  by  recursive  function  I from  three

arguments; the first two are sub-strings of strings  x  and  x′ , while the third one is sub-

string of string },{sup xxG
′ :

),,(),(),,( 21,2121 zzzIIuzxxI ⋅⋅= αββ , (50)

if 21222111 ,,,, βαβααββ ∗∗=== zuzzuxzux , and 

∆=∆∆∆ ),,(I , (51)

where AAVzzzVu ∈∪⊆∈ αββ ,)(},,,,{, **
2211 , and ∆  is an empty string.

Evidently, function I  is constructed in the manner implementing synchronous left-

to-right parsing of strings xx ′,  and },{sup xxG ′ ; during this process the resulting string
part accumulated throughout previous steps gradually includes: string u in alphabet V that

is prefix of the remaining parts xx ′,  and },{sup xxG ′ ; result ),,( αββ ′I , where β  and

β ′  are sub-strings of x  and x′  following u and derived from non-terminal  α  located

directly after u in },{sup xxG
′ ; and the result of application of the same function I to sub-

strings  xx ′,  and  },{sup xxG
′  following  ββ ′,  and  α  accordingly.  If  all  the  three

arguments  I are  empty strings,  parsing is  completed,  and the empty string obtained  in
accordance with (51) concatenates with the accumulated result without  changing  it  and
terminates recursion at the same time.

Theorem 3. If },{inf xxG
′  exists, then 

)},{sup,,(},{inf xxxxIxx GG
′′=′ . (52)

Proof. According to the definition of the maximal lower bound, },{inf xxy G
′=  is

a sentential form generated in grammar  G simultaneously from x  and  x′ , and with this

14 15
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αββ
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′ ′

β β αβαβ ≠=

αβαβ ≠= ββ
α

′′ ′
′ ′

′′ ′ ′=
′=

′

β

′

α α

β α

α α

α β

β

β

β

α

α

α

α

α

α

16

I.A. Sheremet   Word Equations on Context-Free Languages



α ′
′ β α ′⇒′ ∗

α β

′⇒′ ∗ α ′ ′
′ α

′ ′ α α ′ ′

=′=
=′

∆=∆∆∆
=

∆∆∆⋅⋅=

=

⋅⋅

=

=

⋅⋅∆=′

=′
′ ′

′
><= α

⎪
⎪
⎩

⎪
⎪
⎨

⎧
⇒⇒

∈→∃=∈∃

=
∗∗ ββ
βαααβ

βα →
α

′

17

Special Edition: Hannover Annual   Vol.1,2011.



′
><= α

α′=′

′
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>′=< δ
′

γ ′
δβγ ∈→ ∗∈β γ

>′=< δ >→′=→< δβγβγ

γ δβγ ∈→ δγ
>′=< δ δγ=

>→−→′=→<

>→−→′=→<

βγδγγ

βγδγγ

=δγ γ
′ >′=< δ γγ

∏
=

δγ

>→→′=→→< δγγγγ
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δγ
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∈

∈
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γ
′ δγ

γγγ ∈
′ γγ

′
>′=< δ

∑
=

γ ′ =

δ βγ →

=→→ βγβγ

βγδ →=
==

∪
′⇒′= ∗

∪
>=< α ∗⇒

=
[ ]δ′=
γγ γ

→→ γγ
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=

β
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∩
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→
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>→→→→=<
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>=< α ∆= υ ∆

υυυυ ⇒⇒⇒⇒

∆⇒⇒⇒⇒ υυυ

υ υ υυ ∗⇒

(155)

(156)

(157)

(156)

(157)
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>=< α

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

∆→→∪

∪
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

→→∪=

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
∪∪−∪=

=

≠
=

≠
=

≠
= = =

υυυ

υυυυ

υυυ

υ

∆= υ ∆
∩ ∩ ∩

∩

∩

V.G. Tyminskiy

(158)

(156)
(157)
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